We propose an artificial market model based on deterministic agents. The agents modify their ask/bid price depending on past price changes. Temporal development of market price fluctuations is calculated numerically. Probability density functions of market price changes have power law tails. Autocorrelation coefficient of the changes has an anti-correlation, and autocorrelation coefficient of squared changes (volatility correlation function) has a long time correlation. A probability density function of intervals between successive tradings follows a geometric distribution. ARCH type stochastic process is theoretically derived from this market model in a limit case. We conclude that a clustered volatility results from self-organized criticality in dealers' interactions through market price fluctuations.
Introduction
Economically motivated problems are attracting physicists, economists and engineers. Recently physicists are interested in these problems and established a new field, "econophysics", which has been made tremendous progress since 1997 [1] .
Market price fluctuation problem is one of the most exciting interest in econophysics. Statistical properties of market price fluctuations were clarified from analyzing financial time series empirically. Specifically we focus on two statistical properties of price fluctuations; (1) a probability distribution of price changes has fat tails with exponential decay [2] , and (2) squared or absolute price changes have long time memory, which is well-known as the volatility clustering [3] . The volatility clustering is measured by autocorrelation function of squared or absolute price changes, the volatility autocorrelation function, which has a long tail when a volatility is clustered.
On one hand stochastic models have been proposed in order to describe these phenomena. For example, the truncated Lévy flights [2, 4] , random multiplicative processes [5, 6, 7] and ARCH type stochastic processes [8, 9, 10] . On the other hand, various agent-based models have been proposed in order to explain the basic properties of price fluctuations from the viewpoint of complex dynamical systems. These studies are called a agent-based approaches [11, 12, 13, 14, 16] .
The first agent-based model of market was introduced by one of the authors (H.T.) et. al. in order to explain the reason why market price apparently fluctuate randomly [15] . It was shown that tradings involve a kind of likely nonlinear interaction among agents in general, and a pseudo-random walk fluctuation of market price is resulted by the effect of chaos even in an artificial market consisted on only 3 agents with very simple deterministic strategies. Also, it was pointed out that when the agents have the tendency of following the latest market trend, large fluctuations such as crashes or bubbles occurs spontaneously. The market model we introduce in this paper is a variant of the deterministic agent-based model.
Bak et. al. investigated a stock market model with "rational traders" and "noise traders". Noise traders' actions depend on their current volatility in the market and imitate ways to buy or sell. Rational traders optimize their own utility functions. They emphasize that it is important for noise traders to exist in order to have fat tails of probability density function [11] . Lux et. al. investigated a stochastic multi-agent model with the pool of traders divided into fundamentalists and noise traders [13] . They reported that a probability distribution function of returns in their model has fat tails. These models assume that a market has a balance of demand and supply at an unit time to decide the next market price, and the market price changes depending on an unbalance of demand and supply. Unlike the sophisticated model of Lux stimulative extensions to the basic Minority Game (MG), multi-agent market models without noise traders, have been developed and are successively investigated [14, 16] . In fact these studies demonstrate the stylized facts (fat tails of probability density of market price changes and volatility clustering) and the numerical results show that the model contains the ARCH properties.
Specifically ARCH type stochastic processes are useful tools in econometrics.
However there is few study which gives the theoretical basis of the ARCH from microscopic viewpoint. The aim of the present article is to develop a minimal model characterized by a few parameters and directly derive ARCH type stochastic processes from the model. In our preceding study we proposed a dynamical model of a market having mean field interactions of dealers [17] . We derived a Langevin equation with both positive and negative feedbacks in a stochastic manner for market prices and, a probability density function of time interval between successive tradings follows exponential decay. But autocorrelation function of price change squared in the model do not have a long time correlation. We introduce heterogeneity of dealers in the present article because we consider that the assumption that dealers have mean field interaction was over-simplified. In Sec. 2 we introduce a minimal model of market based on deterministic agents who modify their ask/bid price depending on past price changes. In Sec. 3 the statistical properties of artificial market price fluctuations from numerical simulations are shown. In Sec. 4 we show how the ARCH type stochastic process for market price changes is theoretically derived from the market model in a limit manner. The ARCH type stochastic process is a familiar model for time series analysts but its theoretical basis in microscopic viewpoint has not been clarified yet. In Sec. 5 we discuss the volatility clustering demonstrated from numerical simulation in the model comparing with the demand and supply curves of the market and market extension. Sec. 6 is devoted to concluding remarks.
Market model
We show a brief explanation of a market model with many simple deterministic dealers [18] . The idea of the model is an interaction between agents (dealers) through a common board and historical market price fluctuations. It is based on a concept of self-organization. We consider a market in which N dealers exchange a single commodity. Every agent has each simple strategy to predict the next market price from past market prices, and he/she puts a sell/buy order on the market. By a competitive mechanism in the market adequate orders are selected, and the next market price is determined from the orders' price. We consider the limit of all the dealers who have small assets.
As shown in fig. 1 this model can be separated into two parts: (1) a market mechanism, which describes how to determine a market price from orders, (2) an algorithm of agents, which governs how to order a sell/buy into the market and how to modify their ask/bid prices. In the following subsections we explain a market mechanism, an algorithm of agents, initial conditions and parameters.
Market mechanism
Suppose that a market has a competitive mechanism for orders, so that N dealers give their orders to a common board and that the maximum buy order and the minimum sell order are available. b i (t) represents an ask/bid price for the ith dealer at time t. It is assumed that ask prices and bid prices individually compete in the market. Namely the maximum buy price and the minimum sell price are effective in the market. Thus the condition for a trading to occur is given by the following inequality, max for all buyers {b(t)} ≥ min for all sellers {b(t)},
where the right hand side represents the maximum buy price for all the buyers, and the left hand side represents the minimum sell price for all the sellers. Suppose that the market price P (t) is determined as an arithmetic mean of the buy price and the sell price when a trading occurs. Otherwise the last market price is maintained. Namely,
Trading algorithm of dealers
In general a dealer determines his/her action from several causes. The causes seem to be separated into "endogenous" factors and "exogenous" factors. The
endogenous ones mean what has happened in the market and contains fluctuations of historical market price and a rumor in the market. The exogenous ones mean what has happened outside market, a balance of domestic commerce or international commerce among countries and so on. We assume that a dealer has to make a decision based on the market price fluctuations in a short time.
Namely a dealer regards only short time price fluctuations and determines his action and bid price.
We suppose that a seller goes on decreasing his expectation of the sell price until he/she can sell and that a buyer goes on increasing his expectation of the buy price until he/she can buy. From the assumption a modification of the expectation price is negative when he/she is a seller. On the other hand it is positive when he/she is a buyer. More we assume that a value of modification depends on past market price changes. The assumption means that a dealer's next action is affected by past transaction prices which have already been realized.
B i (t) represents the ith dealer's expectation of price in his/her mind,
where D i (t) = −1 when the ith dealer is a seller, and D i (t) = 1 a buyer. Suppose that a variation is an inner product of dealer-dependent coefficients and past price changes because we consider that the dealers focus on price changes rather than prices. Namely the modification α i (t) is described by
where ∆P prev (s ′ ) denotes the s ′ th change of the last transaction price. It is obvious that ∆P prev (1) is the latest transaction price change. c i,s ′ represents a coefficient of the ith dealer for the last s ′ th transaction price change. a i is a positive coefficient for ith dealer when he/she does not refer to the past price changes at all.
For simplicity we consider the case of T = 1. Then a rule to modify dealers' expectation price is written by
where c i is a coefficient depending on the dealer. This corresponds to accelerating and deaccelerating his/her modification of expectation price depending on the latest price. After the large price change each dealer goes up or goes down quickly his/her expectation price in order to make his/her portfolio balanced as soon as possible.
We assume that all the dealers have small assets meaning that a seller/buyer changes his position into a buyer/seller after a trading. Because of the assumptions that each dealer keeps his position till a trading, an evolution rule of
is given by
(a seller and a buyer when a trading occurs)
. (6) Moreover we assume that each dealer has the same difference between a buy price and a sell price, which denotes Λ(≡ S i − B i ). In a mind of a person it is clear that a sell price is greater than a buy price. Therefore ith ask/bid price at t, on the values of c * . Fig. 5 (left) shows log-log plots of corresponding cumulative distribution functions (cdf), which is defined as
If a pdf follows power-law distribution corresponding cdf is given by
where β is a power law exponent (β > 0), which is estimated in log-log plots of cdf. Moreover the power law exponent depends on the value of c * as shown in fig. 5 . We discuss the reason why the power law exponent depends on the value of c * in the next section.
Typical example of time series of n s and its pdf are shown in fig. 6 , respectively. The pdf can be approximated by a geometric distribution,
This means that occurrence of trading is fully random. By numerical fitting in fig. 6 we obtain p = 0.36. From analysis of high-frequency financial data it may be clarified that probability distribution of trading intervals at the same time is fitted by exponential distribution.
Limit of ARCH type stochastic process
Here we consider that a pdf of price changes has fat tails and that its tail index depends on the parameter c * . We will show that the market price is dominated by ARCH type stochastic process approximately through this section (see Appendix A).
As shown by numerical simulations the market price fluctuates discontinuously. Fig. 4 shows a conceptual illustration of the market price fluctuations.
Here we consider ∆p s , a change of the market price on the sth trading. Let M s denote the buy price at the sth trading, and let m s denote the sell price. From
(M s + m s ) and ∆p s = P (τ s ) − P (τ s−1 ), we get
From (eq. 5) (see. fig. 7 ) the next buyer at τ s−1 adds |1 + c j ∆p s−1 |a j into his/her bid price n s times until the next trading occurs, and the next seller subtract |1 + c i ∆p s−1 |a i from his/her ask price n s times as well. Hence the first term and the second term on the second line are given by
where the subscript j represents the dealer who gives the highest buy price at the time τ s , and i represents the dealer who gives the lowest sell one. Substituting eqs. (13) and (12) into eq. (11) yields
When the dealer number N is large and numbers of sellers and buyers balances it can be assumed that dealers' expectation prices are distributed uniformly and k s and K s are symmetry. By taking square of eq. (14) and averaging over all i, j under the condition that ∆p s−1 is realized, we get
where we use the expression k s − K s = 0 and {c} is independent of {a}. Here we assume that {c} and {a} are mutually independent of n s . Calculating the second and third term using the assumption c = 0 we have
Of course it is obvious that the conditional average of eq. (14) under the above assumption is zero,
If a is small eq. (15) is rewritten as,
where
s . From eq. (27) we can understand why the power-law exponent depends on the c * . Hence the power law exponent is a function of α 1 , which depends on the c 2 = c * 2 /3. Furthermore if c 2 is small then the second term of eq. (15) vanishes, and we obtain ∆p 2 s = α 0 . In this case the variance of ∆p s is constant and p s behaves likely Brownian motion.
Discussion

Volatility clustering
The volatility clustering is the well-known fact that variance of shocks is clustering in financial data, which means that the market has a long time memory effect. In order to investigate the volatility clustering we calculate autocorrelation coefficient of market price changes and one of squared changes. These two autocorrelation coefficient are defined by
As shown in fig 
Demand and Supply curve of the model
The model introduced in this paper treats the case that demand and supply are automatically balancing, so that a number of both sellers and buyers are con-served. We introduce time-dependent density of buyers and sellers for a market price P at time t, d(P, t) and s(P, t) [20] . The cumulative frequency distributions of sellers and buyers D(P, t) and S(P, t) are respectively defined by
Of course in practical markets numbers of sellers and buyers can be observed partially. However in a numerical simulation one can calculate them from all the dealers variable. Here we consider relation between volatility and a demandsupply curve. 
A comment of finiteness of decimal number of price
Dealers exchange securities at a finite decimal number of market prices in the practical market. It, of course, is possible to assume that the market price is a real number in a mathematical sense. However in the practical market tradings dealers quote by not a real number but a finite decimal number. For example a yen/dollar exchange rate is dealt up to 2 places of decimals. The reasonable assumption is that dealer's expectation price is a real number in his mind and that his quote is a finite decimal number. Namely P i denotes the ith expectation price in his mind. In the case of a hundredth quote price it is given by [P i × 100]/100, where [. . .] represents the integral part of . . ..
Conclusion
We introduced a minimal market model in which a single commodity is exchanged clustering. This correlation is expected to be caused by interaction among groups of dealers which are responsible for a price change. One group activates another group again and again. This can be also seen from demand-supply curve. The slope of demand-supply curve is gradual in high volatility regime. This implies that there are many dealers who trade around market price. In contrary the slope of demand-supply curve is rapid in a low volatility case. This implies that there are only small number of dealers and they trade close to the market price. Consequently, there are few dealers which activate other groups and the low volatility regime continues. We stated that volatility clustering appears in the same sense as the self-organized criticality. We discussed a difference between cumulative demand curve and cumulative supply curves at each volatility regime. Namely in high volatility regime the slope of the demand-supply curve is gradual, and in low volatility regime rapid.
The relation between microscopic behavior of dealers and macroscopic feature of a market will be bridged by statistical mechanics. Then the intriguing prob- A ARCH type stochastic processes ARCH like stochastic process is a well-known stochastic process but its microscopic mechanism has not been clarified yet. In this section we summarize the ARCH type processes briefly.
An ARCH is an abbreviation of autoregressive conditional heteroskedasticity, which in econometrics introduced by Engle [8] . Actually the ARCH process is formalized by
where x s represents a dynamical variable, and Z s a random variable of which pdf follows normal distribution N(0, 1). α s ′ are positive parameters. An alternative expression of eq. (22) is written by
namely the conditional variance of x s is given by the past realizations of {x}.
After Engle the theory has been made stimulative progress by many successive studies [9, 10] . One of the remarkable feature of the ARCH (1) process,
is that the pdf of x s , p(x), has power-law tails, which is formalized by
or by cdf
where the power law exponent β is given by
where Γ(·) is the gamma function. This means that the power law exponent β is described as a function of α 1 .
The squared autocorrelation function of the ARCH(1) process is shown as follows. For simplicity we consider eq. (23), which is rewritten as
Suppose that η s denotes a difference between x 2 s and σ 2 s ,
Substituting eq. (29) into the second line of eq. (28) we have
Here we define h s as
then eq. (30) is rewritten as
of which autocorrelation function is equivalent to one of the squared autocorrelation function. It is clear that the autocorrelation function of h s is given by
which implies that the autocorrelation coefficient of the squared of ARCH (1) process has an exponential decay.
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Market Price Time Figure 4 : A conceptual illustration of a market price fluctuation. A trading occurs at random. τ s represent a time step when the sth trading occurs. P (τ s ) exhibits a market price at τ s , ∆p s a market price change at τ s , namely ∆p s = P (τ s ) − P (τ s−1 ), and n s a difference between τ s−1 and τ s , n s ≡ τ s − τ s−1 . 
